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1. INTRODUCTION 
Let a finite permutation group G on a finite set S be called a (t, p)-group 
if G is (at least) t-transitive on the points of S and if ,U is the maximal number 
of fixed points of an involution of G (we put p = - 1 if G has no involutions). 
All (2, p)-groups with p C< 3 have been classified; for p = 0 and p = 1 by 
Bender [2, 31, for p = 2 by Hering [lo], and for p = 3 by King [II]. 
Noda [12] has classified (2, 4)-g rou p s whose degree is not divisible by 8. 
Actually, the main tool in the present investigation is the wonderful classifica- 
tion of (1, 1)-groups obtained by Bender [3]. This is 
LEMMA 1. If G is a (1, I)-group on S, then either 
(i) G is 2-transitive and G D AT where N is of odd index and similar 
to one of the following groups in its usual representation: PSL,(25 SX(~~). 
PSU,(2”) or 
(ii) O(G) is transitive and a Sylow 2-subgroup of G contains only one 
involution. 
Our aim is to prove the following 
THEOREM. Let G be a (I, 3)-group on a set S. Then one of the following 
occurs : 
I. G is primitive, G D N with N regular on S; there are six groups of 
this type, namely, 
(1) The group of automorphisms of the afine plane of order 3 
(order = 9 . 8 . 6, degree = 9) (2-transitive) 
(2) ,4 subgroup of index 3 of the preceding (2-transitive) 
438 
Copyright 8 1972 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
TRANSITIVE GROUPS 439 
(3) The subgroup of (1) leaving a pair of directions of the plane inva- 
riant (order = 32 . 23) (rank 3) 
(4) The subgroup of all even permutations of the group of automorphisms 
of the afine space of dimension 3 and order 3 (order = 24 . 36 . 13, degree = 27) 
(2-transitive) 
(5) The subgroup of the preceding leaving a set of three directions (not 
in one plane) invariant (order = 23 . 34) (rank 4) 
(6) The subgroup of index 2 of the preceding inducing alt (3) on the set 
of three directions (rank 4). 
II. G is primitive, G D N where N is minimal and semisimple of even 
order. Then N is primitive and simple and there are nine groups of this type, 
namely, 
(7) G = sym(5), N = alt(5), degree = 5 
(8) G = N = alt(7), degree = 7 
(9) G = N = M,, , degree = 11 (4-transitive) 
(10) G = N = alt(7), degree = 15. This is a subgroup of the auto- 
morphism group of the projective space of 15 points (2-transitive) 
(11) G = N = PSL,(2) II PSL,(7), degree = 7. This is the auto- 
morphism group of the projective plane of 7 points (2-transitive) 
(12) G = N = PSL,(l l), degree = 11, N, N alt(5) (2-transitive) 
(13) G = N = P&C,(9), degree = 15, N, N sym(4) (rank 3) 
(14) G admits the preceding as subgroup of index 2, the involutions of G 
are those of N (rank 3) 
(15) G = N = PSL,(13), degree = 7.13, N, z alt(4) (rank 3 8). 
III. G is imprimitive. Then either G has only one class of conjugate 
involutions and then G is in one of the following classes where we describe a set of 
imprimitivity B of smallest possible cardinality : 
(16) 1 B 1 = 3, an involution Jixing a point of B fixes each point of B 
(this class is in$nite) 
(17) 1 S 1 = 55, 1 B 1 = 5, G EPSL,(I~), G, N alt(4) a ES (there 
is just one group of this type) 
(18) 1 B I = pn, p prime # 2, O(G) is transitive on S, a 2-Sylow sub- 
group of G has only one involution, an involution fixes at most one point of B, G is 
not of type (16) (there is at least one group of this type) 
(19) I B I =p”, pprime f2, O(G) is transitive on B, O(G) has 3 orbits 
on S, a 2-Sylow subgroup of G has only one involution, an involution$xes at most 
one point in B, G is not of type (16) (existence unknown) 
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(20) ~ S 1 = 135, B ~ == 27, G has an elementary abelian normal 
subgroup O(G) of order 3S-t, 1 -.: t . 12 leaving B invariant and 
G/O(G) ‘v alt(5). The group induced on B is of type (6) (existence unknown) 
or G has more than one class of conjugate involutions; then G has a normal sub- 
group of index 2, G* zhirh is a (1, 3)-group whose involutions are conjugate and 
one of the following occurs 
(21) G* is of type (16) and a 2-Sylow subgroup of G” has only one 
involution 
(22) 1 S = 9, 15, 25, 27, 45 OY 81. 
Let us briefly discuss the existence of the groups described in the theorem. 
For (I) to (IS) the existence follows from instance from [5, 1 I] and some 
obvious verifications. For (17) the methods of [5] are working again. 
We shall construct groups of type (16) now. Let K be any (1, 1)-group 
acting on a set Q, let T be a set of cardinality 3 say T = {tl , t, , t3} and let S 
be the Cartesian product Q x’ 1’. Let CJ be the permutation of S defined by 
+ h> = (P> ti+l(mods) ) and let K be extended to S by k(p, ai) = (k(p), ai) for 
each k E K. Then the group G generated by K and a is the direct product of 
K and (u> and it is a (1, 3)-group of type (16) on S. 
There is a group of type (18) obtained as follows. Let S be the affine plane 
of 9 points, P a family of three parallel lines of S and G1 the subgroup of 
aut(S) leaving P invariant. Then G1 has a subgroup G of index 2, inducing 
alt(3) on P. The group G is of type (18) and of order 2 . 33. There is a group 
of degree 27 and type (18) which 1s obtained in a similar way. There is a 
group of type (21) of degree 15: one takes the affine plane of order 4 and a 
point in it, the stabilizer of the latter in the group of automorphisms acts on the 
15 other points as a group of type (21). 1% ‘e could construct no groups of 
type (19); it looks possible to say much more of these groups; for instance, it 
can be shown that a 2-Sylow subgroup must be generalized quaternion. It 
should of course be possible to determine all groups of types (20), (22). 
Our notations are quite standard; let us mention 
I S 1: cardinality of the set S 
O(G): largest normal subgroup of odd order of the group G 
G > H: H is a subgroup of G 
G D H: H is a normal subgroup of G 
alt(n): alternating group on n letters. 
2. SOME LEMMAS 
LEMMA 2. Let G be transitive on the$nite set S. Then G belongs to one of 
the three following mutually exclusive types. 
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I. G is primitive and G D N with N elementary abelian and regular 
on S 
II. G is primitive and G D N with N a direct product of s > 1 isomor- 
phic non-abelian simple groups and N a minimal normal subgroup of G 
III. G is imprimitive. 
Proof. This result is well known. If N is a minimal normal subgroup of G, 
N is a p-group for some prime p or N is a direct product of s isomorphic 
non-abelian simple groups (cf., for instance, [13, p. 421). If G is primitive and 
N is a p-group one has I by Theorem 11.5 of [15]. 
LEMMA 3. Let G be transitive on the Jinite set S and let G be of type I. 
Then S is provided with a unique structure of Desarguesian afine space of order p 
such that N is the group of all translations and G is a group of automorphisms of 
this a&e space. Moreover, the maximal number of fixed points of an involution 
is of theformpe, and thegroup P(G) induced by G on the hyperplane “at infinity” 
P(S) of the afine space S, has no (nontrivial) invariant subspace in the projective 
space P(S). 
Proof. The first statement is well known; it is, for instance, implicit in the 
proof of Lemma 4 of [l l] and it is due to the uniqueness of N in G (Theorem 
11.5 of [15]) and the uniqueness of the structure of vector space of N on the 
field of order p. The set of fixed points of any element of G is an affine sub- 
space of S thus it has a cardinality of the form pE. If P(G) fixes some non- 
trivial subspace U of P(S) then the set of affine subspaces X of S such that 
P(X) = U is a complete set of imprimitivity for G. 
LEMMA 4. Let G be of type II on the finite set S. Then 
(1) O(N) = 1, 
(2) N contains no odd permutations, 
(3) a 2-Sylow subgroup of N is a direct product of s 2-groups isomorphic 
to a 2-Sylow subgroup of a non-abelian simple group. 
Proof. (1) O(N) is characteristic in N, thus normal in G and therefore, 
if O(N) # 1 we have N = O(N). Th en Feit-Thompson’s result [8] applies 
and we get a contradiction. 
(2) If N has odd permutations, N cannot be a minimal normal sub- 
group of G. 
(3) Is obvious as N is a direct product of s isomorphic simple groups. 
LEMMA 5. Let G be a (I, 1)-group with a 2-Sylow subgroup which is 
elementary abelian of order 4. Then G is alt(5) acting on 5 points. 
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Proof. In view of Lemma 1, G must be of type (i). As a 2-Sylow subgroup 
of G is of order 4, N can only be PSL,(4) m i s t usual representation i.e., 
alt(5). Clearly, G :-: N is the only possibility for G. 
LEMMA 6. Let G be a primitive (1, 1)-group whose 2-Sylow subgroups have 
only one involution. Then G has a regular elementary abelian normal subgroup 
qf odd order. 
Proof. In view of Lemma 1 and the fact that PSL,(29 for e 2 2, Sz(2”), 
PSlJ,(2”) have 2-Sylow subgroups with more than one involution, O(G) is 
transitive. Thus by Feit-Thompson [S] the primitive group G has a solvable 
normal subgroup and then Theorem 11.5 of [15] applies. 
LEMMA 7 (Burnside, Brauer-Suzuki, Feit-Thompson, Gorenstein- 
Walter). Let G be a finite group whose Sylow 2-subgroups are either cyclic, 
generalized quaternion or dihedral. Then any non-abelian simple group involved 
in G is either alt(7) or some PSL,(q), q odd. 
Proof. A group H is said to be involved in G if H N K/L where 
G > K D L. Let G have a cyclic 2-Sylow subgroup. Then G has a normal 
2-complement by Burnside [6] and G is solvable by Feit-Thompson [S]. Let 
G have a generalized quaternion 2-Sylow subgroup. Then G is not simple by 
Brauer-Suzuki [4]. Any group involved in G has a 2-Sylow subgroup which 
is either cyclic, generalized quaternion or dihedral. If G has a 2-Sylow which is 
dihedral then any group involved in it has a cyclic or dihedral 2-Sylow sub- 
group. Thus the result follows from Gorenstein-Walter [9]. 
LEMMA 8 (Alperin-Brauer-Gorenstein [I]). Let G be a simple group with 
semidihedral 2-Sylow subgroups. Then G is one of the groups PSL,(q) 
(q = -1 (mod 4)), PSU,(q) (q = 1 (mod 4)) or MI1 . 
LEMMA 8’. Let G be a (1, 3)-group on a set S such that 
(9 in a 2-Sylow subgroup of G all involutions arefixing the same three 
points (in particular each involution of GJixes 3 points) 
(ii) a 2-Sylow subgroup of G contains at least two involutions. Then G is 
of we (16). 
Proof. Let D = ( I{,2”, y, z} / X, y, z are distinct points of S fixed by some 
involution of G}. As G is transitive on its 2-Sylow subgroups, G acts tran- 
sitively on D by (i). An involution of G fixes only one element of D. Indeed if u 
fixes a, b, c and 0 leaves {d, e, f} E D invariant, (T centralizes some involution 
fixing d, e, f; then they are both in some 2-Sylow subgroup and they have the 
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same fixed points, i.e., {a, b, c} = {d, e,f}. Therefore G acts on D as a 
(1, I)-group and the kernel of the representation is certainly of odd order. 
Then Lemma 1 and (ii) imply that G is 2-transitive on D and any two ele- 
ments of D have the same number c of common points, namely, 0, 1 or 2. 
If c = 0 we get (16). We shall show that c = 1 or c = 2 leads to a contradic- 
tion. Let c = 1. Each point $I of S is at least on two elements of D and then it 
is at least on a third one through the action of an involution fixing p. If 
{a, b, c} ED and d E S - {a, b, c} each element of D on d has a point on 
{a, b, c} and distinct elements of D on d have distinct points on (a, b, c}. 
Therefore any two points of S are on one and only one element of D. 
Then S provided with D is the projective plane of 7 points. However, in this 
plane each automorphism of order two fixes three elements of D and we get a 
contradiction. Let c = 2 and let a, b, c, d be as above. Then {a, b, d}, {a, c, d}, 
{b, c, d} are other elements of D. If {x, y, Z} E D this set must have two points 
on (a, b, c} say a, b and another point on {a, c, d}, i.e., c or d. Thus S has just 
four points which is clearly contradictory with the fact that G is a (1, 3)-group. 
3. CLASSIFICATION OF (1, 3)-GROUPS OF TYPE I 
In view of Lemma 3, 1 N 1 = 3” for some n. Any involution of the projective 
group P(G) is a perspectivity in P(S), i.e., it has a hyperplane P(H) of fixed 
points (its axis) and a point p which is linewise fixed (its center) with p 6 H. 
Let u be an involution of G fixing a point 0 and two other points a, b of S. 
Then P(u) is itself and involution (it cannot be the identity) and as P(u) 
is a perspectivity, CJ has an invariant hyperplane H containing 0 and no other 
fixed point of u. In H, u induces a homothety of center 0. 
LEMMA 9. For any involution u of GJixing 3 points 0, a, b in S there is an 
involution u’ centralizing u which jixes 0 and permutes a, b. 
Proof. Assume the contrary. Let V be the set of lines on 0 whose points 
are fixed by some involution of G. There are at least two elements in V 
otherwise P(G) would have a fixed point in P(S) which contradicts Lemma 3. 
Let L = (0, a, b} and L’ be a line of V distinct from L. The plane r generated 
by L, L’ contains two other lines on 0 say L”, L”. As P(u) is a perspectivity of 
center P(L), u must leave 7r invariant. Also, u leaves V invariant, u may not 
leave L’ invariant, otherwise it would centralize one of the involutions fixing 
all points of L’ (there is an odd number of such involutions). Thus u maps L’ 
on L” and then it fixes L” and therefore L”’ +! V. Therefore V has a natural 
structure of Steiner Triple System. The hyperplane H (on 0 and invariant 
by u) may contain no line of V (otherwise we get the lemma again). The set W 
of all lines on 0 outside of H has obviously also a structure of Steiner Triple 
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System which is at the same time an alline space of dimension n ~ 1. Sow I/ 
is a subsystem of Fl’ and therefore it is the intersection of W with some sub- 
space A of S. If I’ f It’we have =1 + S and then P(A) is invariant by P(G) 
which contradicts Lemma 3. If I,- = II’, P(H) is invariant by P(G) which is 
also a contradiction. 
LEMMA 10. The dimension of the afine space S is 2 or 3, i.e., G is of degree 
9 or 27. 
Proof. The dimension is at least 2 as G is a (1, 3)-group. Let 4, o’ be as in 
Lemma 9 and let W be the hyperplane on 0 which is invariant for o’ and which 
contains no other fixed point of 0’. Then (T, U’ have the same restrictions to 
HA N’ and the involution co’ fixes 1 II n H’ ~ points. As this number must 
be at most 3, the dimension of H n H’ must bc at most one and that of S is 
at most 3. 
LEMMA 1 1. Jf G is vf degree 9 it is one of the qr~oup.s (l)-(3). 
Proof. \Ve observe first of all that the groups described in (l)-(3) exist 
and that they indeed satisfy all requirements. Assume that G is another 
solution. By King [I I], G is not 2-transitive. Then P(G) cannot be transitive 
on the four points of P(S). As P(G) fixes no point of P(S) by Lemma 3, P(G) 
has two orbits of two points on P(S). Thus G is a subgroup of (3). It is easy 
to check that P(G) is at least of order 4 (using the involutions fixing three 
points) and by Lemma 9, that G is at least of order 32 2” which shows that 
G is (3). 
LEVIMA 12. If G is qf degree 27 it is one of the poups (4)-(6). 
Proof. Here too we check first of all quite easily that the groups described 
in (4) (5), (6) satisfy all needed requirements. 
Let G be another solution. Let 0, u’ be as in Lemma 9. ‘Then 0” ~ UU’ 
is an involution fixing all points of a line L” on 0 and L” C H. Assume that 
the triangle {P(L), P(L), P(L”)) is not invariant by P(G) in the projective 
plane P(S); then it is a matter of patience to convince oneself that P(G) 
contains PSL,(3) (one can use reasonings of the Lenz-Barlotti type). Thus, 
in this case, G is 2-transitive and we may apply King [ 111. If P(G) leaves the 
triangle invariant, G cannot be the full stabilizer of this because the latter 
contains involutions fixing nine points; thus G is contained in the group of 
even permutations of the latter, i.e., in (5). As G must contain all translations 
of S, be transitive on the vertices of the triangle left invariant at infinity (in 
view of Lemma 3) and as it contains at least two commuting involutions we 
see that 1 G is at least 34 22, i.e., G is normal in (5) of index I or 2. It is 
easy to check now that there are no other possibilities than (5) and (6). 
TRANSITIVE GROUPS 445 
4. CLASSIFICATION OF (1, 3)-GROUPS OF TYPE II 
The maximal number of fixed points of an involution of N, say p(N), is 
equal to - I,1 or 3. The case p(N) = - 1 is impossible since it would imply 
N = O(N) and we may apply Lemma 4 then. 
LEMMA 13. If p(N) = 1, G must be sym(5) acting on 5 points. 
Proof. N is a (1, l)-group. Thus Lemma 1 applies and Lemma 4 shows 
that N is 2-transitive. Then N is one of the simple groups PSL,(29, S.429, 
PSlJ,(29 acting in the usual way and G normalizes such a group. We require 
an involution in G fixing three points and no more. It is easy to check that 
this can only occur for PSL,(22) which is isomorphic to alt(5) and then G is 
clearly sym(5). 
From now on we may assume that p(N) = 3. Then all involutions of N are 
fixing three points otherwise there are odd involutions in N and we contradict 
Lemma 4. 
LEMMA 14. If p(N) = 3, then N has commuting involutions CT, or which do 
not $x the same points. Moreover, each involution of N fixes three points. 
Proof. The latter statement is a consequence of Lemma 4(2). Assume the 
first statement is false. If some 2-Sylow subgroup S of N contains two involu- 
tions, Lemma 8’ applies and N is imprimitive; then clearly G is also imprimi- 
tive because G leaves the set D of Lemma 8’ invariant. Thus S has only one 
involution. As in Lemma 8’, N acts as a (1, I)-group on D. Then, by Lem- 
ma 1, O(N) # 1 and we contradict Lemma 4. 
LEMMA 15. If p(N) = 3 a 2-Syiow subgroup S of N is dihedral or semi- 
dihedral. 
Proof. Let (T be an involution of Sr with fixpoints a, b, c and u’ an involu- 
tion of 9 commuting with (J and fixing a, d, e. We may assume that o is 
central in 9. Then C,(o’) is at least of order four and it cannot be larger 
because C,(u) must leave (b, c>, (d, e) invariant and otherwise there would be 
an involution fixing these points. Thus, by a result of Suzuki [14] S1 is 
dihedral or semidihedral. 
LEMMA 16. If p(N) = 3 and 9 is dihedra2, G is one of the groups (8) or 
(10) to (15). 
Proof. In view of Lemma 4, S is the direct product of s > 1 2-groups 
which are 2-Sylow subgroups of a non-abelian simple group. Then s = 1 
unless 9 is of order four where s = 2 seems possible; however, there is no 
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non-abelian simple group of order 2u, u odd (Lemma 7). Hence s ~- 1 and N 
is simple. Then, applying Lemma 7, N is isomorphic to PSL,(q), q odd or 
to alt(7). In the first case Buekenhout [5] applies and we get the groups 
(ll)-(15). Now we assume N ‘v alt(7). The degree ~ S I divides 7 5 3’. 
Also ~ S 1 7 (mod 8) or 1 I (mod 8). Indeed a central involution of St 
fixes a, b, c; then the four other involutions of 9 can have 4 or 8 fixed points 
distinct from a, 6, c and on the other points of S, S’ has orbits of length 8. 
Applying these restrictions we see that 1 S 1 must be 7, 15, or 63. The latter 
is impossible: indeed, it gives j -VO / = 40 thus :Va has a normal 5-Svlovv 
subgroup. However, in alt(7) it is easy to check that the normalizer of a 
5-Sylow subgroup is of order 20. If / S ~ ~-: 7 we obtain of course alt(7) in its 
usual representation, i.e., (8). Th en G = N is the only possibility for G. NOM 
we assume / S / = 15. Then I LV,, / 7 3 t 8 168. 1Vc shall show that &?a 
must be transitive on S ~ (1. An orbit of N,, can only be of length I, 2, 3, 4, 7, 
8 on S ~ a. Actually, the first case is impossible otherwise G is imprimitive. 
If there is an orbit of 3 points, :Va has a subgroup H of order 7 8, the latter 
has a normal 7-Sylow subgroup or a normal 2-Sylow subgroup and a sub- 
group like II does obviously not exist in alt(7). If there is an orbit of length 7, 
then the preceding arguments imply that there is a second one; S fixes a 
point in each of them and this contradicts Lemma 14. r\;ow the only possi- 
bility left open-if N,, is not transitive on S - a--is an orbit of length 2, 
one of length 4, and another one of length 8 (there is one of length 8 as 15 =m: 
7(mod 8)). Then N,, has a normal subgroup of index 2 and the latter has a 
normal 7-Sylow subgroup. Thus N, has a normal 7-Sylow subgroup and this 
is again impossible in alt(7). Th ere ore, f IV is 2-transitive and King’s results 
apply to get (10) as only solution. 
LEMMA 17. Zf ,(A’) == 3 and S1 is semi-dihedral, G is M,, (i.e., (9)). 
Proof. i\ow S cannot be the direct product of distinct 2-groups (it has a 
cyclic subgroup of index 2), thus Lemma 4 shows that N is simple and 
Lemma 8 applies: N is isomorphic to M,, , PA?,(q) (q 7: -1 (mod 4)) or 
PSUa(q) (q = 1 (mod 4)). Let 4 be a central involution of S1 fixing a, b, c 
and let S1 fix a. All involutions distinct of (5 in S1 are permuting b, c, because 
they are conjugate in S1 :: (x, y i x2r L y2 = 1, yxy =~: .x?~~-‘\. Therefore 
CN(a) has a normal subgroup of index 6 fixing a, 6, c and containing no other 
involution than U. Let’s show that N ‘v PSCT.Jq) is impossible. In this case, 
C,(u) ‘v GU2(q)/Z, where 2 is a central subgroup and GU2(q) is the unitary 
group of order (q2 - 1) q(q T 1) whose center is of order q -+ 1. Now GU.Jq) 
has a normal subgroup of index 6 say H. On the other hand, it has a normal 
subgroup GLr2’m(q) of index (q + I)/2 and it follows from Dieudonne [7], 
Sections 4 and 5 that H is central or that it contains GC’,‘(q). In the first case 
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Gus(p) would be solvable which contradicts the fact that q > 5 and in the 
latter case, G divides (q + 1)/2 which contradicts q = 1 (mod 4). 
Let’s show that N F P,!&.(q) implies q = 3. Indeed, now CN(a) N G&(q)/2 
for some subgroup Z. Using Dieudonne [7, p. 401, if q > 3 then a normal 
subgroup H of G&(q) must be central or it must contain SL,(q). Here there 
is some H of index 6; thus in the first case q2 - q < 6 and q < 3 and in 
the second case 6 divides (q - I)/2 the index of SC,(q), but this contradicts 
q = -1 (mod 4). 
Now N E P%,(3) or h!lir . Then S has order 16. If S fixes a and per- 
mutes b, c there are 4 involutions in it permuting b, c whose fixed points must 
be distinct (otherwise some involution would fix more than 3 points). There- 
fore 1 S 1 = 3 + 8 (mod 16) = 11 (mod 16). 
On the other hand 1 S 1 divides j N 1 = 13 . 12 .9 .4 or 1 I . 10 .9 .8. 
Therefore / S 1 = 27 (for P&$(3) or / S 1 = 11 (for Mi,). The latter clearly 
gives M,, in its usual representation, i.e., (9) and then G = N is the only 
possibility. If 1 S I = 27 we obtain I N, I = 13 . 16, hence N, has a normal 
13-Sylow subgroup. However, in E’S&(3) acting on the projective plane of 
order 3 it is easy to check that a 13-Sylow subgroup cannot be normalized by 
a group of order 16. 
5. CLASSIFICATION OF (1, 3)-GROUPS OF TYPE III 
Let P be a nontrivial partition of S which is invariant for G and let B 
be an element of P (elements of P will be called blocks). In order to satisfy 
one requirement of the theorem to prove we assume that I B I is minimal. 
Let r be the group induced by G on P and let H be the group induced on B 
by the stabilizer of B in G. Our assumption on 1 B I implies that His primitive 
on B. 
Now, any involution (T of G falls into one of the following types: 
(a) 0 fixes 3 blocks and one point in each of them 
(/3) u fixes one block and 3 points in it 
(r) u fixes one block and one point in it. 
LEMMA 18. G has a normal subgroup G* of index 1 or 2 such that 
(i) G* is a (1, 3)-group 
(ii) all involutions of G*jixing three points are of the same type (a) or (/I). 
Proof. If G satisfies (ii) we put G = G*. Otherwise r has odd and even 
involutions, thus G has a normal subgroup G* of index 2 satisfying (ii). Now 
G* is transitive on S otherwise it would have two orbits of equal length 
contradicting the fact that 1 S / is odd. Thus (i) follows. 
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LEMMA 19. Let G =- G*. Then 
(i) one of the groups I’, H z’s a (I, I )-group and the other one is a (1. 3)- 
group OY it acts on 3 objects 
(ii) in a 2-Sylou: subgroup of G all involutions aye central 
(iii) all involutions of G are conjugate; in particular, there are no involu- 
tions of type y). 
Proof. (a) If G has involutions of type (CX) then H is a (1, 1 )-group, r acts 
on 3 blocks or is a (1, 3)-group and a 2-Sylow subgroup S1 of H is isomorphic 
to one of G. 
If H is of type (ii) in Lemma 1, all involutions are clearly central in S’; 
if 11 is of type (i) in Lemma 1, all involutions of S1 are central from known 
properties of PSJC,(~~), Sz(2”), PSC!,(2”) [3, Section 31. 
In H all involutions are conjugate [3] L emma 4.1. If 0, p are involutions of 
G we may assume now that they leave B invariant and that they have the 
same restriction on B. Then op fixes each point of B and is therefore of odd 
order; thus (T, p are conjugate in the dihedral group (0, p). Thus (i))(iii) have 
been proved in this case. 
(b) If G has involutions of type (/3) then r is a (1, I)-group, H acts on 
3 points or is a (1, 3)-group and a 2-Sylow subgroup S of r is isomorphic to 
one of G. This gives (i). One obtains (ii) as in (a), H being replaced by r. 
In r all involutions are conjugate. Then, if cr, p are involutions of G we may 
assume that they have the same image in r. Then op leaves each block 
invariant and is therefore of odd order. Thus (T, p are conjugate in (a, p 
LEMMA 20. Let G >~~ G* and let all involutions of a 2-Sylow subgroup 
S1 of G have the same fired points. Then G is of type (16)-( 19). 
Proof. In view of Lemma 8’ and Lemma 19 we may assume that S’ 
contains only one involution. Then, letting G act on D as in Lemma S’, vvc 
see again that G is a (1, I)-group. Then O(G) is transitive on 11 and thus it 
has one or three orbits on S. If O(G) t rs ransitive on S let us consider the 
primitive group H. If H is a (1, 3)-group we get a contradiction with Lemma 9 
or Lemma 14. If H acts on 3 points and r is a (1, I)-group and r a (1, 3)- 
group we get O(H) transitive on B and solvable by Feit-Thompson. Thus 
I B 1 -= p’“, p prime, p f 2 and we get (18) or (16). If O(G) has three orbits on 
S we obtain (19) or (16) by a similar argument. 
LEMMA 21. Let G : G”, all involutions of a 2-Sylow subgroup S1 of G 
having not the same$xed points. Then G is of type (17) or (20). 
Proof. The group r of H which is a (1, 3)-group or is acting on 3 objects 
has also a 2-Sylow whose involutions are not fixing the same elements, there- 
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fore it acts on more than 3 elements and it is a (1, 3)-group. If 0, p are involu- 
tions in 9 fixing, respectively, the points a, b, c and a, d, e, then 9 fixes a, 
{b, c> and {d, e} as U, p are central in 9 (Lemma 19). Therefore there are 
2 1 S1 j elements of S fixing a, b, c, d, e and 1 S 1 = 4. As S is not cyclic it is 
elementary abelian and Lemma 5 applies: the (1, 1)-group r or H is alt(5). 
We distinguish two cases now. 
(a) H = alt(5). Then there is no element of G (but 1) fixing each block 
because such elements constitute a normal subgroup of odd order and they 
would imply the existence of a nontrivial normal subgroup for alt(5). Thus G 
is isomorphic to I’. The (1, 3)-group r leads us to two cases again. 
(a. 1) r is primitive. Then r is one of the groups (l)-( 15). As its S 
is of order 4 we are reduced to the groups (6) (12) (15). As G cv r, 5 divides 
1 r 1 and we are reduced to the case r N (12). Then G is PSL,(l 1) acting on 
55 points, G, has order 12 and G, is isomorphic to alt(4) (here the fact that 
p(G) = 3 is used too). This provides solution (17) whose existence is further- 
more easy to check with the techniques developed in [5]. 
(a.2) r is imprimitive. Then r = r* because all involutions of G 
are conjugate. We shall derive a contradiction now. r has “all” properties 
of G. Thus let r, , HI, B, , PI be defined for r as r, H, B, P were defined 
forG.Ifr,=alt(5)wehave5//Bj,5[B,jthus521IS/,521/rI,andas 
52 1 alt(5)l r must have a normal subgroup of odd order O(r) # 1 which 
leaves B, invariant and 5 / / O(r)l. O(r) . d m uces a nontrivial subgroup on B, 
because otherwise it would fix all elements of P, therefore the primitive 
(1, 3)-group HI must be (12) again and it must have a normal subgroup of 
odd order f 1: a contradiction. Thus HI = alt(5) and we get again 52 / I S [ 
and G, r, r, are isomorphic. Repeating over and over again the preceding 
argument, one will get a group ri which is primitive, still isomorphic to G 
and isomorphic to P&5,( 11). As 52 1 I G I , this is contradictory. 
(b) r = alt(5). Now H is a primitive (1, 3)-group and its S is of 
order 4, thus H is (6), (12) or (15). Let O,(G) be the subgroup of G fixing 
each element of P. 
If O,(G) = 1, / G I = I r / = 5 .4 . 3; however, / B / = 27, 11 or 7 . 13 
and 1 B I must divide / G 1 . Therefore, O,(G) # 1. Then O(H) # 1 and we 
get H ru (6) as only possibility left open. Then / B 1 = 27, 
1S/=27.5=135,lHI=34-22,lGI=34.22.5gwheregistheorder 
of the subgroup of G fixing each point of B. The group O,(G) is of order 
33 . g and it induces a transitive group on B which is of order at most 27. 
Thus all elements of O,(G) are of order 3 and they commute two by two, i.e., 
O,(G) is elementary abelian of order 33+E, c 3 0. Now one checks easily that 
G induces a group of automorphisms on O,(G) which is isomorphic to alt(5). 
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Then E 3 1 because a group of type (3, 3,3) has no automorphism of order 5. 
On the other hand, one clearly has / O,(G)1 < (3a)s; so 1 :< E < 12 and we 
get (20). 
LEMMA 22. The primitive (1, 3)-groups having involutions with only one 
fixed point are the groups (l), (2), (3), (7). These groups have exactly two classes 
of conjugate involutions. 
Proof. In view of Lemmas 3 and 4 this is easy to check. 
LEMMA 23. Let G f G*. Then H is sym(3) or one of the groups (1) (2) 
(3), (7). 
Proof. As G has involutions fixing three blocks and involutions fixing 
three points in some block, H is sym(3) or a primitive (1, 3)-group with 
involutions fixing only one point, thus Lemma 22 applies. 
LEMMA 24. If G + G* and His (l), (2), (3) or (7) then a22 involutions of 
type (a) are conjugate and all involutions of type (8) are conjugate. 
Proof. Let o, p be involutions of G of the same type (a) or (p). We may 
assume that (T, p are fixing B. Their restrictions to B are conjugate in H by 
Lemma 22. Thus we may assume that u, p have the same action on B. Then 
op fixes all points of B and as 1 B j > 3, ap must be of odd order. Thus u, p 
are conjugate in the dihedral group which they generate. 
LEMMA 25. Let G f G*. Then either G* is of type (16) or j S j = 9, 1.5, 
25, 27, 45, 81. 
Proof. The group r acts on 3 elements or it is a (1, 3)-group having 
involutions fixing only one element. If ris a primitive (I, 3)-group it acts on 9 
or 5 elements (Lemma 22) and by Lemma 23, / S 1 = 27, 81, 45 or 25. If r 
acts on 3 elements, Lemma 23 shows that j S / == 9, 27 or 15. If r is an impri- 
mitive (1,3)-group, we have r # r* since there are involutions of type (y) 
in r. Moreover, the involutions of type (a) of G may not be conjugate because 
r has at least two classes of involutions fixing three elements. By Lemmas 23 
and 24 we see that H acts on 3 points thus 1 B / = 3. The involutions of 
type (a) are not in G* as they are not conjugate. Thus the involutions of G* 
are of type (8) and G* is a group of type (16). 
LEMMA 26. If G # G* and G* is of type (16) then a 2-Sylow subgroup of 
G* has only one involution or j S 1 = 15, 27. 
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PYOO~. The group I’* induced by G* on P is a (1, I)-group. A 2-Sylow 
subgroup S of r* is isomorphic to one of G*. Therefore, if S’ has more than 
one involution, r* must be 2-transitive on P. Then r is a 2-transitive (1, 3)- 
group and r is (I), (2) or (7) which implies 1 S j = 27 or 15. 
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